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ABSTRACT. Two methods for identifying branch points from Shack–Hartmann wavefront sensor
(SHWFS) measurements were studied: the circulation of phase gradients approach
and the beam-spread approach. These approaches were tested using a simple
optical-vortex model, with wave-optics simulations, and with experimental data.
It was found that these two approaches are synergistic regarding their abilities to
detect branch points. Specifically, the beam-spread approach works best when the
branch point is located toward the center of the SHWFS’s lenslet pupil, whereas the
circulation of phase gradients approach works best when the branch point is located
toward the edge of the SHWFS’s lenslet pupil. These behaviors were observed
studying the simple optical-vortex model; however, they were further corroborated
with the wave-optics and experimental results. The developments presented sup-
port researchers studying high scintillation optical-turbulence environments and
inform efforts in developing branch-point tolerant reconstruction algorithms.
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1 Introduction
When a laser beam propagates through atmospheric turbulence, phase aberrations are imposed
onto the beam. These aberrations are caused by propagating through variations in the index-of-
refraction that result from temperature fluctuations in the atmosphere. If the atmospheric turbu-
lence is distributed along the beam’s propagation path, the accrued phase aberrations will give
rise to constructive and destructive interference, referred to as scintillation. The Rytov number is
often used to quantify the scintillation imposed onto the laser beam.1 It is well-documented in the
literature that when the Rytov number approaches 0.1, branch points can form. A branch point
can be described by a singularity in which both the real and imaginary components of the com-
plex-optical field equal zero.2 About this singularity, the phase function of the complex-optical
field undergoes a 2π circulation in phase. Furthermore, these branch points form in pairs of
opposite helicity with an associated branch cut connecting them.3,4 The work of Fried and
Vaughn first investigated the problem of branch-point formation caused by propagation through
distributed-volume turbulence,5 after which researchers began investigating (1) the impact
that branch-point formation has on laser-propagation systems6–14 and (2) the physical insight
that can be gleaned about the atmospheric turbulence environment through which the beam
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propagated.3,4,15–26 These motivations make it advantageous to develop approaches that easily
and robustly identify branch points from optical-turbulence measurements.

Due to their great dynamic range and easy operation, the Shack–Hartmann wavefront sensor
(SHWFS) is one device commonly used to collect optical-turbulence measurements. An SHWFS
is comprised of an array of subaperture lenslets focused onto a camera. The average gradient of
the incoming phase aberration over each subaperture in the pupil plane is estimated from irra-
diance-pattern deflections in the image plane.27 Traditionally, the phase gradients estimated from
subaperture irradiance pattern deflections are then used in a least-squares reconstructor to esti-
mate the continuous wavefront aberration.28–31 Unfortunately, phase singularities such as branch
points are mapped to the null space of a traditional least-squares reconstructor.2 In other words,
using SHWFS data in a least-squares reconstructor yields accurate estimates of the least-squares
or continuous phase; however, the rotational component of phase imposed by branch points is
not reconstructed. Various approaches exist for using an SHWFS to identify branch points.
The circulation of phase gradients approach is considered the “tried and true” and was first
introduced by Fried and Vaughn.5 Conversely, a new approach that utilizes a subaperture irra-
diance pattern beam spread to identify branch points has recently been introduced.32,33 Although
other approaches exist,34–38 these two approaches are the ones emphasized in this paper. Here,
the circulation of phase gradients approach and beam-spread approaches are compared using
a simple optical-vortex model, wave-optics simulations, and experimental data.

The paper is organized as follows. Section 2 introduces the necessary background informa-
tion regarding both the circulation of phase gradients and beam-spread approaches. Section 3
discusses the wave-optics simulations and experimental setup. In Sec. 4, the wave-optics and
experimental results are presented and discussed. Thereafter, Sec. 5 provides a conclusion for
this paper.

2 Background

2.1 Phase-Gradient Circulation Approach
The circulation of phase gradients approach, first introduced by Fried and Vaughn,5 is
described by

EQ-TARGET;temp:intralink-;e001;114;376

I
C
∇ϕ · dr ¼ �2πðNþ − N−Þ; (1)

where ∇ϕ are the phase gradients, Nþ is the number of positive branch points contained within
the contour, and N− is the number of negative branch points contained within the contour.5,25

If the measured local phase-gradient field can be entirely described by the gradient of the scalar
potential, the circulation value calculated from Eq. (1) will be close to zero. However, if the
measured phase-gradient field is described by both the gradient of the scalar potential and the
curl of the vector potential, the magnitude of the circulation value calculated using Eq. (1) will be
appreciably greater than zero, the extent of which depends on the number of branch points that
fall within the contour.34 As such, Eq. (1) can be used to identify branch points when the branch
point falls within the contour of interest.

2.2 Beam-Spread Approach
Recently, a new approach for identifying branch points from SHWFS measurements was
introduced.32 This approach leverages second-moment statistics of the SHWFS’s image-plane
irradiance patterns. It was shown that when an optical-phase vortex is located within the pupil of
an SHWFS lenslet, the resulting image-plane irradiance pattern exhibits a large degree of beam
spreading. This behavior is similar to the pupil-plane phase/image-plane irradiance pattern rela-
tionship described by the (1,0) mode of the Laguerre–Gaussian beam.39 By calculating the beam
spread for each SHWFS irradiance pattern, branch points can be identified by thresholding to
determine which irradiance patterns exhibit sufficient beam spread to qualify for a branch-point
identification. The second-moment beam width, also referred to as D4σ, is one approach to
quantify the beam spread.40 The equation for D4σ in the x dimension is given as
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EQ-TARGET;temp:intralink-;e002;117;736D4σx ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR∞
−∞

R∞
−∞ Iðx; yÞðx − xÞ2dx dyR∞
−∞

R∞
−∞ Iðx; yÞdx dy

s
; (2)

where Iðx; yÞ is the image-plane irradiance pattern and x is the centroid location of the beam.
A similar equation can be written for D4σy. It is often convenient to report an overall D4σ,

which is given as D4σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D4σ2x þD4σ2y

q
. It is worth noting that to date, this approach cannot

determine if more than one branch point falls within a lenslet pupil nor can it determine the
helicity of the identifications, unlike the circulation of phase gradients approach described above.

2.3 Simple Optical-Vortex Model
To demonstrate the functionality of both the circulation of phase gradients and beam-spread
approaches, we create a complex-optical field with a simple optical vortex, which is shown
in Fig. 1(a). For the purposes of this example, we assume uniform illumination over the pupil
recognizing, however, that this is not true for turbulence-induced branch points. After creating a
complex-optical field with an optical-vortex-phase function, the complex-optical field is applied
to an SHWFS model, similar to the ones used in Refs. 27, 32, 41, and 42. The resultant SHWFS
image is shown in Fig. 1(b).

Using the resultant SHWFS image, the circulation of phase gradients and beam-spread
approaches described above were employed. For the case of the circulation of phase gradients
approach, Eq. (1) was applied to 2 × 2 adjacent subapertures using the x and y slopes calculated
from irradiance pattern deflections with the lenslet focal lengths. The circulation value calculated
at each 2 × 2 location was recorded. For the case of the beam-spread approach, D4σ was calcu-
lated using Eq. (2) for each image-plane irradiance pattern. Here, D4σ was normalized by the
diffraction-limited spot size for square apertures, DDL ¼ 2fλ∕d, where f is the focal length of
the lenslets, λ is the wavelength of the beam, and d is the diameter of the SHWFS lenslet pupils.
For the phase shown in Fig. 1(a), the resultant D4σ∕DDL and circulation of phase gradient cal-
culations as a function of the lenslet location are presented in Figs. 1(c) and 1(d), respectively.
Here, we see that both algorithms reported a higher value in the proximity of the singularity.

Fig. 1 (a) Pupil-plane phase with simple optical vortex. (b) Resultant SHWFS image.
(c) Calculated D4σ∕DDL from the SHWFS subaperture irradiance patterns. (d) Circulation of
phase gradients calculated from the SHWFS slope measurements.
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Next, to investigate the response of both algorithms as a function of optical-vortex location
within the SHWFS lenslet pupils, the location of the optical vortex shown in Fig. 1(a) was moved in
both the x- and y-directions directions across an SHWFS lenslet pupil. At each optical-vortex
location, the maximum circulation and D4σ∕DDL values were recorded. The results of this are
shown in Fig. 2.

Figure 2(a) presents the maximumD4σ∕DDL as a function of the optical-vortex location and
Fig. 2(b) presents the maximummagnitude of circulation value as a function of the optical-vortex
location. From these results, it is found that the beam-spread approach detects a largerD4σ∕DDL

value when the optical vortex is located toward the middle of the lenslet pupil. (A similar phe-
nomenon was observed in Refs. 41 and 43 for the case of shock-induced-phase aberrations across
the SHWFS’s lenslet pupils.) The circulation of phase gradients approach tends to detect a larger
magnitude circulation value when the optical vortex is located toward the edge of the lenslet
pupil. This is an important result as it shows that these two methods for identifying branch points
are synergistic. In other words, the beam-spread and circulation of phase gradients approaches
have different sensitivities to branch-point location within the lenslet pupils. This behavior is
discussed further in Sec. 4.

2.4 Trade-Space Parameterization
It is helpful to introduce the definitions of optical-turbulence parameters prevalent in the liter-
ature, namely, Rytov number, RSW , the atmospheric coherence length, r0, and the isoplanatic
angle, θ0. As described above, the Rytov number is used to describe the strength of scintillation
imposed onto the beam. The expression for the spherical-wave Rytov number is described as

EQ-TARGET;temp:intralink-;e003;114;302RSW ¼ 0.563k7∕6
Z

Z

0

C2
nðzÞðz∕ZÞ5∕6ðZ − zÞ5∕6dz; (3)

where k is the wavenumber of the laser given as k ¼ 2π∕λ, Z is the total propagation distance,
and C2

n is the index-of-refraction structure constant.
The atmospheric coherence length (also referred to as the Fried parameter), r0, describes

the diameter of an aperture in which ∼1 rad2 of the phase variance is imposed onto the beam.
When D > r0, we expect to see beam spreading of the resultant image-plane irradiance pattern.
The atmospheric coherence length for a spherical-wave beam is described as

EQ-TARGET;temp:intralink-;e004;114;195r0;SW ¼
�
0.423k2

Z
Z

0

C2
nðzÞðz∕ZÞ5∕3dz

�
−3∕5

: (4)

Finally, the isoplanatic angle, θ0, describes the half-angle formed between two points on
an object and a distant receiver in which the variance of the phase difference between two beams
that propagated from either point on the object to the receiver is ∼1 rad2.1 The expression for
the isoplanatic angle is given as

EQ-TARGET;temp:intralink-;e005;114;111θ0 ¼
�
2.91k2

Z
Z

0

C2
nðzÞðZ − zÞ5∕3dz

�
−3∕5

: (5)
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Fig. 2 (a) Maximum D4σ∕DDL as a function of optical-vortex location. (b) Maximum magnitude of
circulation of phase gradients value as a function of optical-vortex location.
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Together, RSW , r0;SW , and θ0 can be used to parameterize an optical-turbulence environment.
These parameters will be referenced throughout the remainder of this paper.

3 Data Collection
This section introduces the wave-optics model used to investigate both the circulation of phase
gradients and beam-spread approaches described above as a function of varying turbulence
conditions. Because the actual branch-point locations are known in wave-optics simulations, the
performance of the approaches described above can be assessed. This section also introduces the
experimental setup used to acquire empirical SHWFS data through a distributed-volume, littoral,
optical-turbulence environment. The data processing procedures to reduce the experimentally
collected SHWFS images are also briefly discussed.

3.1 Wave-Optics Simulations
The wave-optics simulations used here consisted of a point-source beacon that was transmitted
through randomly generated phase screens via spherical-wave angular-spectrum propagation.
The phase screens were generated using the common approach of filtering Gaussian white
noise,44–46 and angular-spectrum propagation was accomplished using the well-known split-step
beam propagation method.44–49 The propagated beacon was received and collimated in a meas-
urement aperture of size, D ¼ 0.15 m. For all cases, the beacon wavelength was selected to be
λ ¼ 532 nm. The received complex-optical field was used to identify the “truth” branch-point
locations using Eq. (1). Due to the fine resolution of the simulated complex-optical field, this
approach provides an excellent method for identifying the known branch-point locations. The
received complex-optical field was also applied to an SHWFS model. Here, the resultant SHWFS
images were used to calculate both the circulation of phase gradients and beam spread using
Eqs. (1) and (2), respectively.

In the simulations used for this work, the phase screens were generated using the von
Kármán spectrum, where C2

n was varied from 2.27 × 10−15 to 1.33 × 10−13 m−2∕3 uniformly
distributed over a Z ¼ 2.5 km path. The inner scale of turbulence, l0, and the outer scale of
turbulence, L0, were defined to be 1 mm and 100 m, respectively, for all cases. For these sim-
ulations, 20 evenly spaced phase screens were used. Each phase screen was 0.6 × 0.6 m2 in size
and consisted of 2048 × 2048 points. The SHWFS model consisted of 128 × 128 square lenslet
subapertures across the screen (≈32 across the diameter of the receive aperture). As such, each
lenslet subaperture had a width of d ¼ 4.7 mm. Seventy independent realizations were simulated
for each turbulence condition where the Rytov number was varied from RSW ¼ 0.1 to 5.0.
A full optical-turbulence parameterization of the wave-optics trade-space can be found in
Table 1. As is commonly done, r0;SW was normalized by the diameter of the receiving aperture,
D∕r0;SW , and by the width of the subaperture lenslet of the SHWFS, d∕r0;SW . In addition, θ0 was
normalized by the diffraction angle as θ0∕ðλ∕DÞ.

3.2 Experimental Data Collections

3.2.1 Experimental setup

The experimental measurements in this work were collected over the Potomac River Test Range
(PRTR) in Dahlgren, Virginia. The PRTR is a littoral test environment and has been previously
characterized using various optical-turbulence measurements.50,51 For the experiments conducted
here, a λ ¼ 532 nm LED beacon was situated approximately Z ¼ 2.4 km away from the receive
aperture as shown in Fig. 3(b). The spherical-wave beacon propagated over primarily water and
was collected using a Cassegrain–Schmidt telescope with an aperture size of D ¼ 0.152 m,
a focal length of f ¼ 1500 mm, and a central obscuration 56 mm in diameter. A 40 mm lens
was used to collimate the beam exiting the telescope, after which, a 4f reimaging system com-
prised of a 175 and a 150 mm lens was used to further demagnify and relay the beam to the
SHWFS. The collimated beam entering the SHWFS was 3.4 mm in size, thereby seeing a total
system demagnification of 43.75. Prior to entering the SHWFS, a 532 nm line filter was used to
limit measurement contamination from ambient light. An Allied Vision GE680C camera was
used for the SHWFS assembly. The operating resolution of the camera was 640 × 480 with each
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Table 1 Optical-turbulence parameterization of the wave-optics simulation trade space.

C2
n (m−2∕3) RSW D∕r 0;SW d∕r 0;SW θ0∕ðλ∕DÞ

2.67 × 10−15 0.1 3.02 0.09 1.85

5.33 × 10−15 0.2 4.58 0.14 1.22

8.00 × 10−15 0.3 5.84 0.18 0.95

1.07 × 10−14 0.4 6.94 0.22 0.80

1.33 × 10−14 0.5 7.93 0.25 0.70

1.60 × 10−14 0.6 8.85 0.28 0.63

1.87 × 10−14 0.7 9.71 0.30 0.57

2.13 × 10−14 0.8 10.52 0.33 0.53

2.40 × 10−14 0.9 11.29 0.35 0.49

2.67 × 10−14 1.0 12.02 0.38 0.46

2.93 × 10−14 1.1 12.73 0.40 0.44

3.20 × 10−14 1.2 13.42 0.42 0.42

3.47 × 10−14 1.3 14.08 0.44 0.40

3.73 × 10−14 1.4 14.71 0.46 0.38

4.00 × 10−14 1.5 15.34 0.48 0.36

4.27 × 10−14 1.6 15.94 0.50 0.35

4.53 × 10−14 1.7 16.53 0.52 0.34

4.80 × 10−14 1.8 17.11 0.53 0.33

5.07 × 10−14 1.9 17.67 0.55 0.32

5.33 × 10−14 2.0 18.23 0.57 0.31

6.67 × 10−14 2.5 20.84 0.65 0.27

8.00 × 10−14 3.0 23.25 0.73 0.24

9.33 × 10−14 3.5 25.50 0.80 0.22

1.07 × 10−13 4.0 27.63 0.86 0.20

1.20 × 10−13 4.5 29.65 0.93 0.19

1.33 × 10−13 5.0 31.58 0.99 0.18

Fig. 3 (a) Experimental optical setup. (b) Satellite map of propagation geometry.

Kalensky et al.: Comparison of branch-point detection approaches. . .

Optical Engineering 123101-6 December 2023 • Vol. 62(12)



pixel being 7.4 μm in size. The SHWFS lenslet array consisted of square subapertures with a
pitch of 150 μm and focal length of f ¼ 6.7 mm. The optical system used to collect the incoming
light is shown in Fig. 3(a).

3.2.2 Experimental data processing

Traditionally, the images measured with an SHWFS are used to calculate the x and y slopes of
the optical-path difference (OPD) aberration over each discrete lenslet location. To do this, the
areas of interest (AOIs) need to be identified such that the local displacements of each subaper-
ture image-plane irradiance pattern can be calculated. Typically, averaging collected SHWFS
images over a certain number of frames is an effective method for creating a reference image
from which the AOIs can be identified. Thresholding is then employed to determine which AOIs
to use for subsequent processing. After the AOIs have been identified, the centroid displacements
are calculated for each AOI on each frame. Using the centroid displacements and the focal
lengths of the subaperture lenslets, the slopes at each discrete subaperture location are calculated.
The measured slopes are then used in a least-squares reconstructor to estimate the continuous
OPDðx; y; tÞ. This OPDðx; y; tÞ is converted to a least-squares phase estimate by ϕLSðx; y; tÞ ¼
−2πOPDðx; y; tÞ∕λ.

For the purposes of this work, 16 independent SHWFS measurements were the focus of the
analysis. These data were collected at a sample rate of 200 Hz for 10 s. All of these measurements
were taken the morning of 2023-07-10, eight of which were collected between 0750 and 0810
DST and the other eight were collected between 1115 and 1135 DST. As expected, the optical-
turbulence conditions were much weaker during the early-morning collections compared with
the late-morning collections. Example SHWFS imagery from these measurements is shown in
Fig. 4. Here, the figure’s color map was inverted such that the individual irradiance patterns are
easier to see in print. Figure 4(a) shows an example SHWFS image collected in the early-morning
data collection window and Fig. 4(b) shows an example SHWFS image collected in the late-
morning data.

From these two example SHWFS frames, there are obvious differences in the measured
irradiance patterns. In Fig. 4(a), the subaperture irradiance patterns all exhibit a similar shape
and size. However, in Fig. 4(b), we see that many of the SHWFS subaperture irradiance patterns
exhibit a large degree of beam spreading. This is particularly noticeable in the top-right and top-
left portions of the frame. To use these measurements to calculate beam spread, a few additional
processing steps need to be employed, namely, for each irradiance pattern, thresholding was used
to eliminate residual ambient light from the AOI. Because ambient light drastically alters the
local D4σ calculations, this becomes a necessary step when performing beam-spread calcula-
tions. After doing so, a beam-spread threshold was imposed to determine which subapertures
exhibited sufficient beam spreading to qualify for a branch-point identification. For the system
parameters used in these data collections, a threshold value of D4σ∕DDL ¼ 1.3 was used for the
experimental data. In other words, if D4σ was measured to be less than 1.3 times the diffraction-

Fig. 4 (a) Example SHWFS frame collected during the early morning on 2023-07-10. (b) Example
SHWFS frame collected during the late morning on 2023-07-10.
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limited spot size, it was said that there was no branch point present. However, if D4σ was
measured to be greater than 1.3 times the diffraction-limited spot size, it was said that there was
a branch point present. After performing these additional data reduction steps, the processed
version of the SHWFS images from Fig. 4 is shown in Fig. 5. Here, red squares were used
to highlight AOIs in which the beam-spread approach determined that a branch point was
present.

The processed SHWFS frame collected in the early morning is shown in Fig. 5(a). During
this time, turbulence was weak and no branch points were detected using the beam-spread
approach. The processed SHWFS frame collected in the late morning is shown in Fig. 5(b).
Here, we see that many branch points were detected across the SHWFS frame with a grouping
of detections in the top-right and top-left portions of the pupil. These measurements will be
further analyzed and discussed in the next section.

4 Results and Discussion
The following sections present the branch-point identification results obtained using both wave-
optics simulations and experimental data collections.

4.1 Simulation Results
As discussed in Sec. 3.1, due to the fine resolution of the complex-optical field afforded by
simulation, Eq. (1) provided an excellent method for identifying the known branch-point
locations. After which, the SHWFS model was applied to this complex-optical field to obtain
simulated images. Subsequently, the beam spread and circulation of phase gradient approaches
were employed, and the results were compared with the known branch-point locations. For the
simulation data, the beam-spread and circulation of phase gradients thresholds were defined to be
1.75. These thresholds were selected with the goal of maximizing branch point detections
while trying to minimize false-positive detections. At this point, these thresholds were deter-
mined heuristically. However, future work seeks to identify “rules of thumb” for selecting these
threshold values.

A proximity metric, ϵ, was used to determine whether or not a branch point was correctly
identified. Here, the known x and y branch-point locations (xKNOWN and yKNOWN), as well as
the locations in which both approaches identified branch points (xID and yID), were recorded.
Subsequently, for each detection, the distance to the closest actual branch point was calculated
using

EQ-TARGET;temp:intralink-;e006;114;126ϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxID − xKNOWNÞ2 þ ðyID − yKNOWNÞ2

q
: (6)

A correct detection was recorded if an actual branch point was less than
ffiffiffi
2

p
d from a detection by

the approaches described above. Otherwise, a false-positive detection was recorded.

Fig. 5 (a) Processed SHWFS frame collected during the early morning on 2023-07-10.
(b) Processed SHWFS frame collected during the late morning on 2023-07-10. Overlayed are red
squares indicating subaperture locations where D4σ∕DDL exceeded the threshold value.
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For the simulations discussed in Sec. 3.1, the known branch-point locations and the
SHWFS-measured branch-point locations were calculated for each realization and each turbu-
lence condition. The branch points identified using both approaches and the known branch-
point locations were used to compute the proximity metric described in Eq. (6). Subsequently,
the number of branch points correctly identified was compared with the total number of iden-
tifications. These results were then averaged across each turbulence condition and are plotted in
Fig. 6. Here, the x axis is RSW and the left y axis is the percent of correct identifications.
The blue circle markers represent the results obtained using the beam-spread approach, the red
square markers represent the results obtained using the circulation of phase gradients approach,
and the yellow diamond markers represent the results obtained using the combination of both
approaches.

Using the thresholds described above, we see that both the beam-spread and circulation of
phase gradients approaches performed similarly across all optical-turbulence conditions. Given
these simulation parameters and thresholding values, the percent of correct identifications tended
to approach 85% in high Rytov number conditions but never dropped below 60% correct
identifications. When combining the branch points identified using both approaches, duplicate
identifications were first removed. Because the beam-spread and circulation of phase gradients
approaches performed similarly in terms of percentage of correct identifications, the combination
of the two approaches also performed similarly. The percent of incorrect branch-point identifi-
cations, or false-positive identifications, is simply 100 minus the percent of correct identifica-
tions. For convenience, the percent of incorrect identifications is plotted on the right y axis of
Fig. 6. These false-positive detections result from non-uniform illumination across the lenslet
pupils (C-tilt/G-tilt anisoplanatism7), energetic optical aberrations smaller than the size of the
lenslet pupil (d∕r0 > 1), and detector noise. Recognizing that false positives are to be expected,
the thresholding parameters can be adjusted to change the performance. Specifically, larger
thresholds limit the number of false-positive detections but also miss many branch points,
whereas smaller thresholds identify many branch points at the cost of allowing for more
false-positive detections. Reference 32 explored this trade space in earnest for the beam-spread
approach. For the purposes of this paper, we focus on studying the relationship between the two
methods for identifying branch points, recognizing however that different threshold values can be
selected tailored toward one’s goals. It is also worth noting that there is a “dip” in percentage of
correct identifications for both the beam-spread and the circulation of phase gradients approaches
betweenRSW ¼ 0.5 − 1.5. It is believed that this behavior results from regions of strong destruc-
tive interference where branch points have not yet formed. For more information, see Ref. 32,
where this behavior was first explored.

Figure 6 reveals the expected percentage of correct versus incorrect detections; however,
those results do not reveal the identified number of branch points compared with the known
number of branch points. To better summarize the simulated branch-point identification results,
a few additional metrics were recorded. Specifically, the total number of correctly identified
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Fig. 6 Percent of correct and incorrect branch-point detections using the beam-spread, circulation
of phase gradients, and combined identification approaches.
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branch points using the beam-spread approach, the total number of correctly identified branch
points using the circulation of phase gradients approach, the total number of correctly identified
branch points using both the beam spread and circulation of phase gradients approaches (with
duplicate identifications removed), and the known number of branch points. Recall that the
known number of branch point results was obtained using Eq. (1) on the complex-optical field
before applying the SHWFS model. These statistics were calculated for each simulation iteration
and then averaged over each simulated turbulence condition. The results are presented in Fig. 7.
Here, the x-axis is the simulated RSW and the y-axis is the number of detections. The results in
Fig. 7(a) are displayed as the number of branch points correctly identified and the results in
Fig. 7(b) are displayed as the percent of correct detections compared with the known total num-
ber of branch points.

In Fig. 7, the results obtained using the beam-spread approach are represented using blue
circle markers, the results obtained using the circulation of phase gradients approach are rep-
resented using red square markers, the results obtained using the correctly identified branch
points from both the beam spread and circulation of phase gradients approaches are represented
using yellow diamond markers, and the known number of branch points is represented using
purple triangle markers. As expected, Fig. 7(a) reveals that branch points first begin to form
for RSW between 0.2 and 0.3 and increase with increasing RSW thereafter. We see that for the
thresholds described above, a similar number of branch points were correctly identified by both
the circulation of phase gradients and the beam-spread approaches. However, the number of
branch points correctly identified by both approaches is much less than the known number

(a)

(b)

Fig. 7 (a) Correct number of branch-point detections. (b) Percentage of correct branch-point
detections compared with the total number of known branch points.
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of branch points across all optical-turbulence conditions. When the correct branch-point iden-
tifications from both approaches are combined, we see that the number of correct identifications
is much closer to the known number of branch points. This is an encouraging result as it further
substantiates the result presented in Fig. 2; namely, the two different approaches are sensitive to
branch points located in different portions of the SHWFS lenslet pupils. As such, when both
approaches are used together, a larger number of branch points are identified.

Results for a single realization of RSW ¼ 3.0 optical-turbulence condition are plotted in
Fig. 8. Here, Fig. 8(a) presents the calculated D4σ∕DDL, and Fig. 8(c) presents the calculated
circulation of phase gradients. In both of these plots, the known branch-point locations are
overlayed with black circle and square markers. The circle markers represent branch points
of clockwise rotation and square markers represent branch points of counterclockwise rotation.
From Fig. 8(a), it is clear that the known branch-point locations are densely packed near pupil
locations with higher measured D4σ∕DDL values. Similarly, in Fig. 8(c), known branch-point
locations are also located where circulation values are higher. Here, positive circulation (yellow)
indicates regions where clockwise circulation was detected, and negative circulation (blue) indi-
cates regions where counterclockwise circulation was detected. Figures 8(b) and 8(d) show the
flag matrices indicating where branch points were identified for both the beam-spread and cir-
culation of phase gradient approaches, respectively. In both of these plots, yellow indicates loca-
tions where the algorithms identified branch points and blue represents subaperture locations
where no branch points were identified. Green circles are plotted to indicate correct algorithm
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Fig. 8 (a) Calculated D4σ∕DDL values from a simulated RSW ¼ 3.0 optical-turbulence condition.
The known branch-point locations are overlayed with black square and circle markers. (b) The flag
matrix indicating where branch points were identified using the beam-spread approach. Correct
branch-point identifications are plotted as green circles and incorrect branch-point identifications
are plotted as red squares. (c) Calculated circulation of phase gradient values from a simulated
RSW ¼ 3.0 optical-turbulence condition. The known branch-point locations are overlayed with
black square and circle markers. Here, the black-circle markers represent branch points of clock-
wise rotation and the black-square markers represent branch points of counterclockwise rotation.
(d) Flag matrix indicating where branch points were identified using the circulation of phase gra-
dients approach. Correct branch-point identifications are plotted as green circles and incorrect
branch-point identifications are plotted as red squares.
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detections and red squares are plotted to indicate false-positive detections. The known branch-
point locations are also overlayed with black circle and square markers.

We see that both algorithms identified a large number of the total branch points present
within the pupil; however, many locations of correct and incorrect branch-point identifications
are not the same between both approaches. Specifically, there are many branch-point locations
that were missed by one algorithm but identified by the other. From the results presented in
Fig. 2, the different correct and missed branch-point identifications from the two algorithms
shown in Fig. 8 are likely due to the different sensitivities of each algorithm to branch-point
locations within an SHWFS lenslet pupil. Specifically, the beam-spread approach is better at
detecting branch points toward the middle of the subapertures, whereas the circulation of phase
gradients approach tends to do better when the branch point is located toward the edge of the
subaperture.

4.2 Experimental Results
The results of the experiment described in Sec. 3.2.1 are discussed here. SHWFS measurements
were collected and the processing procedures described in Sec. 3.2.2 were applied. For each
SHWFS measurement, Eq. (2) was used to calculate the beam spread for each SHWFS irradiance
pattern and measured SHWFS slopes were used to calculate the circulation of phase gradients
using Eq. (1). Thresholds were applied to dictate the extent of beam spread or local circulation
that was sufficient to qualify for a branch-point identification. For all experimental data, the
beam-spread threshold was selected to beD4σ∕DDL ¼ 1.3 and the circulation of phase gradients
threshold was selected to be 2.0. Similar to the thresholds defined for the simulation data, these
thresholds were heuristically selected. Future work seeks to establish concrete procedures for
selecting both the beam-spread and circulation thresholds.

Figure 9 shows beam-spread and circulation of phase gradients results for a frame collected
in the early morning. These results are associated with the SHWFS images shown in Figs. 4(a)
and 5(a). Figure 9(a) presents the calculated D4σ∕DDL values and Fig. 9(c) presents the calcu-
lated circulation of phase gradient values for this specific case. We see that both the calculated
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Fig. 9 (a) Calculated D4σ∕DDL values from experimental data collected in the early morning.
(b) Flag matrix indicating where branch points were identified using the beam-spread approach.
(c) Calculated circulation of phase gradient values from experimental data collected in the early
morning. (d) Flag matrix indicating where branch points were identified using the circulation of
phase gradients approach.
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beam spread and circulation of phase gradient values were low in amplitude across the entire
pupil. As a result, no branch points were identified using the beam-spread approach as shown in
Fig. 9(b). The circulation of phase gradients approach revealed a few identifications that were
close to the edge of the aperture stop, as shown in Fig. 9(d). These identifications are likely
associated with error due to the clipping of the AOI by the aperture stop rather than caused
by turbulence-induced branch points.

Figure 10 presents the beam spread and circulation of phase gradients results for a frame
collected in the late morning. These results are associated with the SHWFS images presented in
Figs. 4(b) and 5(b). Similar to Fig. 9, Fig. 10(a) presents the calculated D4σ∕DDL values and
Fig. 10(c) presents the calculated circulation of phase gradients values. Unlike Fig. 9, we see that
there are many locations of large amplitude beam spread and circulation across the pupils. As
described in Sec. 4.1, the positive and negative regions of the circulation of phase gradients plot
represent branch-point identifications of opposite helicity. Here, positive circulation (red) indi-
cates regions where clockwise circulation was detected and negative circulation (blue) indicates
regions where counterclockwise circulation was detected. Recall that the beam-spread metric is
normalized by the diffraction-limited spot size, i.e., D4σ∕DDL. As such, the calculated
D4σ∕DDL should never be less than one. However, as shown in Fig. 10(a), there are locations
within the pupil where D4σ∕DDL < 1. This is not physical but is an artifact of imperfect thresh-
olding of the individual irradiance patterns, as demonstrated in Fig. 5. The flagged branch-point
identifications from both the beam-spread approach and the circulation of phase gradients
approach are shown in Figs. 10(b) and 10(d), respectively. We see that both approaches reveal
branch-point identifications in the top-right and left to top-left portions of the measurement pupil.

The number of branch-point identifications for each data collection is summarized and pre-
sented in Fig. 11(a). For each SHWFS collection, these statistics were calculated on a frame by
frame basis and then averaged across all frames. Here, the x-axis is the SHWFS collection num-
ber and the y-axis is the number of detections. Recall that data collections 1 to 8 were collected in
the early morning, and data collections 9 to 16 were collected in the late morning. Similar to
Fig. 7, the number of branch points identified using the beam-spread approach is represented
using blue circle markers, the number of branch points identified using the circulation of phase
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Fig. 10 (a) Calculated D4σ∕DDL values from experimental data collected in the late morning.
(b) Flag matrix indicating where branch points were identified using the beam-spread approach.
(c) Calculated circulation of phase gradient values from experimental data collected in the late
morning. (d) Flag matrix indicating where branch points were identified using the circulation of
phase gradients approach.
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gradients approach is represented using red square markers, and the number of branch points
identified using both the beam spread and circulation of phase gradients approaches is repre-
sented using yellow diamond markers. As expected, the low turbulence conditions seen in the
early morning resulted in few to no branch-point detections. Conversely, the stronger optical-
turbulence environment in the late-morning led to many branch-point detections. We also see that
using either the beam spread or the circulation of phase gradients approaches alone produced
much fewer detections than the number of combined detections. Because these results were
obtained experimentally, we do not definitively know the true total number of branch points.
As such, we expect that some of these identifications are associated with false-positive detec-
tions. Nevertheless, the trends observed in this plot are similar to those shown in Fig. 7. It should
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Fig. 11 (a) Number of branch-point detections. (b) Calculated least-squares phase variance.
(c) D∕r 0 estimated using the least-squares, tilt-removed phase variance. (d)RSW estimated using
the measured r 0 values.
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also be noted that more meaningful experimental results could be gleaned with a larger number of
data collections as well as longer duration data collections (>10 s). This will be the focus of
future work.

In addition to studying the branch-point detection techniques discussed in this paper,
the SHWFS slopes were used in a least-squares reconstructor to estimate the continuous
OPDðx; y; tÞ aberration. After removing the tip, tilt, piston, and lensing aberrations from the
reconstructed OPDðx; y; tÞ field, the OPDRMS was calculated by taking the root-mean-square
over the spatial dimension and temporally averaging for each data point. Subsequently, the
OPDRMS calculated for each data collection was used to calculate the least-squares phase
variance as, σ2ϕ;LS ¼ ½−2πOPDRMS∕λ�2. These results are presented in Fig. 11(b). Comparing
Figs. 11(a) and 11(b), we see that there are more branch-point identifications when a higher
least-squares phase variance was measured. Although these results coincide with intuition,
it is encouraging to see this relationship.

Recognizing that r0 is related to the variance of optical quantities related to phase, the least-
squares phase variance, presented in Fig. 11(b), can be used to compute r0 through the relation
σ2ϕ;LS ¼ 0.134ðD∕r0Þ5∕3.52 In this expression, σ2ϕ;LS assumes that the tip, tilt, and piston are
removed, as was the case in the reconstructed OPDðx; y; tÞ. The resultant r0 values calculated
using this expression are normalized by D and presented in Fig. 11(c). Here, we see that D∕r0
varied between approximately D∕r0 ¼ 2 − 4 for the data collected in the early morning.
Conversely, D∕r0 primarily varied between ∼6 and 13 for the data collected in the late morning.
Data collection number 12 was a clear outlier with an approximate calculated D∕r0 of 19.
From Fig. 11(a), significantly more branch points were also identified for this data point.

By assuming uniform turbulence strength along the propagation path, the r0 values calcu-
lated and presented in Fig. 11(c) were used to estimate C2

n via Eq. (4). Subsequently, these C2
n

estimates were then used to estimate RSW using Eq. (3); the results of which are presented in
Fig. 11(d). We see that for the data collected in the early morning, RSW varied between 0.1 and
0.4. For the data collected in the late-morning, RSW primarily varied between 0.9 and 2.6 with
the outlier at data collection number 12 resulting in a RSW of 5.14.

5 Conclusions
In this paper, two methods for identifying branch points from SHWFS measurements were stud-
ied: the circulation of phase gradients approach and the beam-spread approach. Although the
circulation of phase gradients is considered the “tried and true,” the beam-spread approach was
recently introduced and shows promise. The performance of these two algorithms was first
assessed using an idealized optical-vortex model. Here, the optical-vortex was advected across
the measurement pupil to investigate how both algorithms respond as a function of branch-point
location. It was found that these two approaches are synergistic. In other words, the beam-spread
approach works best when the branch point is located toward the center of the lenslet pupil,
whereas the circulation of phase gradients approach works best when the branch point is located
toward the edge of the lenslet pupil.

Wave-optics simulations were also used to study both approaches under varying optical-
turbulence conditions. Because branch-point locations are known in simulation, the performance
of both approaches could be assessed. For the selected thresholds, it was found that both approaches
correctly identified branch points from 60% to 85% of the time across the range of optical-turbu-
lence conditions studied. It was also shown that by combining the branch points correctly identified
by both approaches, the total number of correctly identified branch points was much closer to the
known number of branch points compared with using either approach alone. This result further
validates the same synergistic behavior observed with the idealized optical-vortex model.

Experimental SHWFS measurements of a beam that propagated approximately 2.4 km
through a littoral test environment were also collected. The analysis presented in this paper was
focused on eight data points collected in the early morning and eight data points collected in the
late morning. As expected, optical-turbulence conditions were fairly benign in the early morning
leading to few to no branch-point detections. However, turbulence conditions changed markedly
by the late morning and an appreciable number of branch points were identified by both algo-
rithms. Despite not having known branch-point locations in the experiment, the combination of
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the two branch-point identification approaches led us to believe that the same synergistic behav-
ior observed with the simple optical-vortex model and in wave-optics simulations was observed
in the experiment.

In conclusion, the combination of the circulation of phase gradients approach in conjunction
with the beam-spread approach shows promise for the collective improvement of branch-point
identification from SHWFS measurements; the likes of which may help researchers better study
optical-turbulence environments or develop novel branch-point-tolerant phase reconstruction
algorithms from SHWFS measurements.
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